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Abstract 
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I. INTRODUCTION 



The solution of the 8 vertex model by Baxter 1 has many inventive steps. First of all 
the eigenvalues of the transfer matrix T are studied without having any information on the 
eigenvectors. Secondly these eigenvalues are computed by inventing a new auxiliary matrix 
(called Q) which commutes with T and which satisfies a functional equation with T. This 
functional equation has the further property that it can be used to find all eigenvalues of T. 
The determination of these eigenvalues is often what is called "solving the 8 vertex model" 

Many years after the eigenvalues of the 8 vertex model transfer matrix were computed 
a more elaborate model called the chiral Potts model was discovered to be integrable 2 . For 
this model there is also an auxiliary matrix Q which satisfies a functional equation 3 with 
the transfer matrix but unlike the 8 vertex model this functional equation is not sufficient to 
compute the eigenvalues of the transfer matrix. However, further functional equations were 
first conjectured 4 , 5 and then proven true 6 from which the desired eigenvalues are computed. 

There are in fact many matrices Q which satisfy the TQ equations first discovered 1 in 
1972 for the special "root of unity" case 

miK 

v = — (1-1) 

where the parameter rj of the 8 vertex model is a rational multiple of K the real period of 
the elliptic functions. In 1973 Baxter 7 - 9 found a second matrix Q which satisfies the TQ 
equations in the root of unity case and also for the case of generic rj. We will here concentrate 
on the Q matrix of the 1972 paper 1 which we denote by Qw 

Recently we have discovered 10 that in the root of unity case (1.1) the functional equations 
discovered by Baxter 1 do not in fact exhaust the totality of functional equations of the 8 
vertex model and we conjectured a functional equation 10 obeyed by Q72 alone which allows 
the computation of the eigenvalues of Q72 without reference to T. When (1.1) holds many 
of the eigenvalues of T are degenerate and Baxter's TQ functional equation is not sufficient 
to compute the degeneracy of the eigenvalues. However the auxiliary matrix Q 72 is non 
degenerate and the new functional equation of ref. 10 allows the complete determination of 
the spectrum of T including the degeneracies. 

In the course of searching for a proof of the conjectured functional equation of ref. 10 it 
has become clear that the 8 vertex model has several more functional equations than were 
originally found in ref. 1 and in fact there is a complete analogy between the 8 vertex model 
and all the functional equations found in ref. 6 for the chiral Potts model. The purpose of 
this paper is to present this analogy. 

The concept of the fusion hierarchy 11 - 17 will play an important role in the analogy and 
will allow us to find a new functional equation for the 8 vertex transfer matrix which has 
not yet appeared in the literature. Curiously enough, for the chiral Potts model the fusion 
matrices have been explicitly computed in ref. 6 for all levels of fusion while for the 8 vertex 
model we are at present only able to compute explicit formulas for the fusion levels 3,4 and 
5. 

In sec. 2 we review the derivation of the TQ functional equation of Baxter. In sec. 3 we 
present the analogy with the chiral Potts model in detail and derive functional equations for 
the 8 vertex model. In sec. 4 we explicitly compute the fusion matrices for levels 3,4 and 
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5. In sec. 5 we introduce a similarity transformation which makes explicit the degeneration 
which takes place in T^ L+1 )(f) when 77 satisfies the root of unity condition (1.1). In sec. 6 
we compare our results with the algebra of Sklyanin 13 , 14 . We close in sec. 7 with a proof of 
the functional equation of ref. 10 for the case of L = 2. 



II. BAXTER'S TQ EQUATION 



We begin our considerations by reviewing Baxter's derivation of the TQ functional equa- 
tion of ref. 1 . The transfer matrix for the eight vertex model with N columns and periodic 
boundary conditions is 



T % (u)\w = TiW 8 (/ii, i/i)W 8 (Ai 2 , vi) ■ ■ ■ W 8 (fi N , v N ) 
where in the conventions of (6.2) of ref. 1 

W 8 (l, l)|i,i = W 8 (-l, -1)1-1,-1 = e(2 V )Q(v - v )H(v + 77) = a(v) 
W 8 (-l, -1)| M = W 8 (l, = e(2 V )H(v - V )e(v + r 1 ) = b(v) 

W 8 (-l, l)|i,_i = W 8 (l, -l)|-i,i = H(2 V )e(v - V )e(v + r 1 ) = c(v) 
W 8 (l, -l)|i,_i = W 8 (-l, l)|_i,i = H(2 V )H(v - V )H(v + V ) = d(v) 

The definition and useful properties of H(v) and 6(f) are recalled in the appendix. 
In ref. 1 the matrix Qr(v) is defined as 

[QR(v)] a \p = TrS R (a 1 ,/3i)S R (a 2 , fo) • • • S R (a N , (3 N ) 
where otj and f3j = ±1 and S(a, (3) is an L x L matrix given as 



S R (a,P) 



( zo 2-1 
Z\ z_ 2 

z 2 z_ 3 




V 








• \ 




Zi_L 

zl-i z l J 



where 



with 



z rn = q(a,/3,m\v) 



q(+, (3, m\v) = H(v + K + 2mr])Tp, m , 
?(-, A = ©(f + X + 2mr})T Pjm 



(2.1) 



(2.2) 



(2.3) 



(2.4) 



(2.5) 



(2.6) 



and the integer L is defined by (1.1) The rg >m are generically arbitrary but we note that if 
they are all set equal to unity then Q R (v) is so singular that its rank becomes 1. 
Furthermore ref. 1 also defines the companion matrix Ql{ v ) 
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[Ql(v)Up = TTS L (a 1 ,p 1 )S L (a 2 , fa) ■ ■ ■ S L (a N , (3 N ) (2.7) 

where Oij and f3j — ±1 and Sl(cx,/3) is an L x L matrix given as 

\ 


(2.8) 

1-L 

A J 

(2.9) 
and 

q(a, +, m\v) = T' am H(v - K - 2mr}), 

q(a, -, m\v) = r'^ m Q(v -K- 2m V ) (2.10) 
In ref. 1 it is shown that 

T(v)Q R (v) = h N (v - V )Q R (v + 2rj) + h N (v + V )Q R (v - 2rj) (2.11) 

and 

Ql(v)T(v) = h N (v - r])Q L (v + 2 V ) + h N (v + V )Q L (v - 2 V ) (2.12) 

where 

h(y) = e(0)e(y)H(y) (2.13) 

and it is further shown that 

Ql(v)Qr(v') = Ql(v')Qr(v). (2.14) 
Thus it follows that if we define 

Q 7 2(v) = Qr{v)Q r \v q ) = Q2\v )Q L (v) (2.15) 

then 

T(v)Q 72 (v) = h N (v - r])Q72(v + 2ri) + h N (v + ri)Q 12 {v - 2r]) (2.16) 

with 

[T(v),T(v')} = [T(v),Q 72 (v')} = [Q 72 (v),Q 72 (v')} = (2.17) 
We note the periodicity relations 



S L (<x,P) 



( z' z'_ x 
z[ z'_ 2 
4 zi 3 





V 



-L-l 



with 



Z L = q'(a,(3,m\v) 
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T(y ± IK) = (-l) N T(v) (2.18) 

Q R , L (v ± 2K) = SQ R , L (v) = Q R , L (v)S (2.19) 

h(v + 2K) = -h(y) (2.20) 

where 

N 

S=Ha* (2.21) 

3=1 

which are consistent with (2.11) and (2.12) and we also note the commutation relation 

Qr{vi)Q- r \v 2 )Q r (vz) = Qr^Q^^Qr^) (2.22) 



III. FUSION RELATIONS AND THE CONJECTURED FUNCTIONAL 

EQUATION FOR Q 

The functional equation (2.16) is derived for the matrices T{y) and (572(f) but it follows 
from the commutation relations (2.17) that the four matrices T(v), (572(f), Qi2{v ± 
may be simultaneously diagonalised and thus (2.16) may be regarded as an equation for the 
eigenvalues. The matrix (572(f) is found (empirically, we know of no mathematical proof in 
the literature) to be nondegenerate and thus if T(v) were also nondegenerate there would 
be a 1 — 1 map between eigenvalues of T(v) and Q72{v). However, in ref. 1 the condition 
(1.1) holds and in this case, when the number of sites in the lattice N is sufficiently large, 
the matrix T(v) always has degenerate eigenvalues. There is thus a many to one map of 
eigenvalues of (572(f) to eigenvalues of T(v) and this leads to the fact that the functional 
equation is not sufficient to determine all the eigenvalues of (572(f) which correspond to a 
degenerate eigenvalue of T(v). 

In order to resolve this problem of degeneracy and multiplicity of the eigenvalue of T(v) 
we recently conjectured 10 the following functional equation for Q n 

CONJECTURE 

For N even and either L even or L and m x odd 
e- N ™/ 2K Q 72 (v-iK') 

= A gVc - (2, + Wl ^.^ff^^^ (3.1) 

where A is a normalizing constant matrix independent of v that commutes with (572(f)- 
What this matrix is depends on the normalization value of Vq in the definition (2.15) of 

Q 72 (v). 

We prove this conjecture for L = 2 in sec. 7 and have numerically verified it for L = 3 
for various values of N. 

The matrix (572(f) as defined by (2.15) is not in the form of Q R (v) and Ql(v) of being 
the trace of a product of matrices and thus it is natural to rewrite the conjecture (3.1) in 
terms of Ql(v) and Qr(v) as 
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e -N«iv/2K QL ( v _ iRl) = Q L ( V0 ) A Q R (V ) 
L-l 

x h N (v - (21 + l) mi K/L)Q R \v - 2lm 1 K/L)Q R (v)Q R l (v - 2(1 + \)m x KjL) (3.2) 

1=0 

The form (3.2) of the conjecture is strikingly similar in form to the functional equation 4.40 
in ref. 6 of the chiral Potts model if we make the identification of Ql(v) with T cp and Q R (v) 
with T cp where the subscript cp indicates the quantities in ref. 6 . It is therefore natural to 
search for a proof of (3.1) by following the methods of ref. 6 . 
We begin by writing (2.11) in the form 

T(v) = h N (v - V )Q R (v + 2rj)Q R \v) + h N (v + V )Q R (v - 2r?)Q R » (3.3) 

which is analogous to (4.20) of ref. 6 if we identify T(v) with 

To continue we need to define quantities analogous to which obey functional equations 
analogous to (4.27a) of ref. 6 . The appropriate objects are the "fusion matrices" T^\v) which 
may be defined recursively, for any r\ not just (1.1), by 

T {2) (v)=T(v) (3.4) 
T^(v - 2r])T {2 \v - 4 V ) = h N (v - 3r])T^(v - 4 V ) + h N (v - r])h N (v - 5r]) (3.5) 

and for j > 3 

T {2) (v - 2r])T {j) (v - 2j V ) = h N (v - 3r])T u+1) (v - 2jr]) + h N (v - ^T^ 1 ^ - 2j V ). (3.6) 

From these defining equations we show that may be written in terms of Q R (v) as 

j'-i 

T U) (v - 2( 3 - l) mi K/L) = h N (v - (21 + l) mi K/L) 

1=0 

xQr(v)Q r \v - 2l mi K/L)Q R (v - 2jm 1 K/L)Q R 1 (v - 2(1 + l) mi K/L) 

(3.7) 

by directly substituting (3.7) into (3.5) and (3.6), using the commutation relation (2.22) and 
noting that (3.7) reduces to (3.3) if we set j = 2 and send v — > v + 2rj. Equation (3.7) is the 
analogue of 4.34 of ref. 6 
Now define 

M = Q L (vo)AQ R (v ) (3.8) 
and multiply (3.2) on the left by <5r(v)M _1 we obtain 
e- N ™l 2K Q R (v)M^Q L (v - iK') 

L-l 

= E hN ( v - ( 2/ + l^K/^QMQ^^v - 2lm l K/L)Q R (v)Q R \v - 2(1 + l)r]) (3.9) 

1=0 

If we now use the periodicity property (2.19) in the right hand side of (3.7) with j — L and 
compare with the right hand side of the conjectured functional equation (3.9) we conclude 
that the conjectured functional equation will hold if we can prove that 
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T^ L \v - 2(L - l) mi K/L) = e~ iNnv/2K Q R (v)M^Q L (v - iK')S mi . (3.10) 

which is the analogue of 4.44 of ref. 6 

We conclude this section by noting that in the chiral Potts model there is a functional 
equation (4.27c) of ref. 6 which relates r^ i+1 ) to r^ -1 ) . To obtain the analogous equation in 
the eight vertex model we specialize j = L + 1 in (3.7) and use (2.19) to get 

L 

T {L+l) (v - 2m x K) = ]T h N (v - (21 + l) mi K/L) 

1=0 

Qr(v)Qr\v - 2l mi K/L)Q R (v - 2m 1 K/L)S mi Q R 1 (v - 2(1 + \)m x KjL) 

(3.11) 

We now write the terms I — 0,L separately and use (2.20) to find 
T^ L+1 \v-2 mi K) 

L-l 

= [1 + (-lf}h N (v - mi K/L)S mi + ]T h N (v - (21 + l) mi K/L) 

i=i 

xQr(v)Qr\v - 2l mi K/L)Q R (v - 2m l K/L)S mi Q~ R 1 (v - 2(1 + l) mi K/L). 

(3.12) 

In the sum we use the commutation relation (2.22), set I — k + 1 and use (2.19) to write 
S mi Q R (v) = Q R (v - 2m x K) = Q R (v - 2m x KjL - 2(L - l) mi K/L) and thus we find 

T^ L+1 \v - 2 mi K) 

L-2 

= [1 + (-lf}h N (v - mi K/L)S mi + ]T h N (v - 2 mi K/L - (2k + l) mi K/L) 

k=0 

xQ R (v - 2m x KlL)Q R A (v - 2m x KjL - 2km 1 K/L)Q R (v - 2 mi K/L - 2(L - \)m x KjL) 
xQ^(v - 2 mi K/L - 2(k + \)m x K/L). 

(3.13) 

The sum on the right hand side is seen to be T^ L ^(v — 2rriiK/L — 2(L — 2)m 1 K/L) by use 
of (3.7) and thus 

T^ L+1 \ V - 2m x K) = [1 + (-l) N ]h N (v - mi K/L)S mi + T^ L - X \v + 2m x KjL - 2m x K) 

(3.14) 

and finally by use of (2.18) we obtain the desired result 

T {L+l \v) = [1 + (-lf]h N (v - m x KjV)S m ' + T {L - 1] (v + 2m x KjL) (3.15) 

In the six vertex limit this functional equation was first exhibited by Nepomechie as (1.3) 
of ref. 18 where it is proven for L = 2, 3, 4 and used to study various open six vertex chains 
at roots of unity in 18 - 20 . For the eight vertex model this result seems to have been first 
obtained by Baxter 21 . 
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IV. EXPLICIT FUSION MATRICES FOR J = 3,4, 5 



We introduced the matrices T^\v) by the recursion relations (3.4)-(3.6) and called them 
"fusion matrices". However in ref. 6 the analogous matrices are not defined by the 
analogue of (3.4)-(3.6) but rather they are defined as the trace of products of explicitly 
given j x j matrices and (3.4)-(3.6) follows as a theorem. The explicit form of is used 
in the proof of the analogue of (3.10). 

The existence of matrices T^\v) written in the form 

T«\v)\^ = TrRtfifa, v 2 ){v) ■ • -i^W u N )(v) (4.1) 

with (fj,.v) being j x j matrices which generalizes (2.1) and has the global property 
that [TW)(v),TW>(v')] = by virtue of R^\n,v)(v) and RW(n,v)(v') satisfying a local 
Yang-Baxter equation using 

R (2 \^u)(v) = W s ( f x,u) (4.2) 

as the elements of the 2x2 intertwining matrix has been extensively studied 11 - 17 for both 
the 8 and the 6 vertex model. The final result of these studies for the 8 vertex model is 
given by lemma 2.3.1 of ref. 17 which says that T®(v) as defined by (4.1) is given in terms 
of a matrix R^\fx, v)(v) which is constructed from R( 2 \/j,, v)(v) by 

PC,-), w v _ PT^u^ R {2) {^ ^)(v)R^^u V2){v + 27?) ■ ■■R^(u j _ 2tfl )(v + 2(j - 2)7/) 

Ui= h[v + (21 + 1)77] 

(4.3) 

where P is the projection from the internal space of dimension 2 J ~ 1 to the space of dimension 
j of completely symmetric tensors. This construction is known as "fusion". The matrix 
R^\v) has no poles and T^\v) satisfies (3.4)-(3.6). 

Unfortunately the result (4.3) is not as explicit as the expression for in the chiral 
Potts model 6 or the corresponding expression for the fusion weights in the RSOS model 17 . 
However, it would appear that such an explicit form would be of help in proving the conjec- 
ture (3.10) for the 8 vertex model. Therefore in order to gain insight into the fusion matrices 
we have constructed the matrices T^\v) directly from (4.3) for j = 3,4,5. The computa- 
tion is straightforward and makes extensive use of properties of theta functions (presented 
in detail for example in ref. 22 ). In particular we use the two addition formulas for theta 
functions (15.4.25) and (15.4.26) of ref. 23 

e(u)6(u)e(a - u)6(a -v)- H(u)H(v)H(a - u)H(a - v) 

= e(o)e(a)e(« - «)e(a - « - v) (4.4) 

and 

H(v)H(a - v)&(u)Q(a - u) - &(v)Q(a - v)H(u)H(a - u) 

= G(0)G(a)H(v-u)H(a-u-v) (4.5) 

and the fact that in the set of functions given for a fixed and j an integer 
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Q(v+jr})H(v + (a-j)rj) 



(4.6) 



only two are linearly independent. Similarly of the functions for fixed a 

e(v + jrj)e(v + (a-j)rj), H(v + jrj)H(v + (a - j)rj) (4.7) 

only two are linearly independent. There are accordingly many equivalent ways to write the 
theta functions in R^(fx, v){v). 

We note that the matrix R^\—,—)(v) is obtained from R^(+,+)(v) and the matrix 
R( j \-,+)(v) is obtained from R^(+, —)(v) by the interchange Q(v + 2kr)) <-> H(v + 2krj). 
Furthermore the matrix elements have the symmetry property 

R^i/i, v){v) m , n <-> R {j \n, i/)(u)j_i_ ro>J -_i_ n 

by the substitution Q(v + 2ar]) H(v + 2arj) (4.8) 
With these provisos we have the following results: 



A. The matrices R^ 3 \fj,,v)(v) 



The matrix R {3) (+, +)(v) is 

i2< 3 > (+,+)(«) = 
f^eiv-vWv + Srj) 



^H(v-rj)e(v + 3rj)\ 

Q(4r])H(v + 7])&(v + rj) 



and the matrix R < - 3 ' ) (+, —)(v) is 



R(V(+,-)(v) = 
( 

^^e(v-rj)e(v + 3rj) ^^H{v - rj)H(v + Srj) 





i — 




H(Arj)H 2 {v + rj) 


H(47])e 2 (v + r]) 





i — 




(4.9) 



(4.10) 



B. The matrices R.W(ji, v)(v) 



The matrix i? (4) (+, +)(v) is 



R (4) (+,+)(v) 



( i? (4) 

-"■00 





d(4) 
-"-02 





\ 





d(4) 
-n-ll 





d(4) 
-"-13 




rl 20 





ri 22 







V o 


d(4) 
-"■31 





d(4) 
-^33 


/ 



(4.11) 



where the 4 independent elements of R^(++) are 



9 



4o } (+,+) 

4o ) (+,+) 
4 4 i } (+,+) 



3 (27/) 



2 (O) 
e(4r7)if(4^) 
^(2^7) 



6(f — rj)H{y + 5?]) 

0(t; - 77)^(7; + 5t/) 



#(7; + 77)0(7; + 377) 



e 3 (2?7) 
"92(07 



ff(7j - 77)0(7; + 5r)) 



H2 ^l e{ v + vWv + 3,) - g^gggW - „)0(t, + 5,) 



8(277) 



02(0) 



and the remaining 4 elements are obtained by the symmetry (4.8). 
The matrix R^(+, —)(v) is 



where the 4 independent elements are 
)(4) , N 02(277)^(277), 






p(4) 





d(4) \ 
^03 


d(4) 





d(4) 
-"-12 








d(4) 
-"■21 





d(4) 
-"-23 


d(4) 
-^30 





d(4) 
-^32 


; 



4?(+,-) 

<(+,-) 



02(0) 



-0(tj - 77)0(7; + 57/) 



H 3 (2r]) 



Q(v — 77)0(7; + 57/) 



02(0) 

H 3 (277) 0(477) 



(4.12) 
(4.13) 
(4.14) 
(4.15) 



(4.16) 



3 (O) 
2 (477)^(477) 
0(0)0(67/) 
02(277)^(277) 



if (u + 77)ff (u + 377) + 93( Q3 ( ^ (4??) 0^ + 77)6(1; + 377) 
0(, - 77)0(7, + 577) + m^^H(v - r,)H(v + 



02(0)0(67/) 

if 2 (477) 

( _ )2(()) //C - '/)//( '• + St/) + -Jl^'i^- + VWv + H 



(4.17) 
(4.18) 
(4.19) 
577) (4.20) 



0(0)0(67/) v u v 02(0)0(677) 
and the four other elements obtained by the symmetry (4.8) 



(4.21) 



C. The matrices R^(fi.u)(v) 
The matrix i? (5) (+, +)(u) is 





/ d(5) 

-"■oo 





d(5) 
rl 02 





ff 04 ^ 







d(5) 





d(5) 
-^13 





i? (5) (+,+)(^) = 


d(5) 
- rt 20 





d(5) 
rt 22 





d(5) 
rt 24 







d(5) 
-^31 





-^33 












d(5) 
-"-42 





-K44 / 
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where the 6 independent non symmetric elements are 
R oo(+, +) = ?JrSW - rj)H(v + Irj) 



4o ) (+,+) 
4o ) (+,+) 



e 3 (o) 

H 2 (2ri)Q 2 (2ri) 



6 3 (0) 



Q(v - r])H(v + 777) 



iJ 4 (2?7) 



0(tj - ?7)fr(u + 7?7) 



(4.23) 
(4.24) 
(4.25) 



*S?(+, + ) = + v )H(v + 5,) - ggM g( , + ^ + 5,) (4.26) 



4?(++) = 



3 (O) 
2 (277) # 2 (477) 



6 3 (0) 
H 2 (2r])Q 2 (2r])H(8?]) 



3 (O) 

8(1; + vWv + 5 V ) - ^ 2(2 J 3 ) ( ^ (4??) - H(v + vMv + 577) (4.27) 



+ 377)0(7; + 377) + Q ; g(« + 77)0(7, + 577), 



(4.28) 



the companion non symmetric elements are obtained by the symmetry (4.8) and the one 
symmetric element is 



#2?(+, +) = ©~ 3 (0) (0 3 (277) 6(677) - H 3 (2r])H(6r])) H(v + 3r])Q(v + 377) 
The matrix R^{+, -)(v) is 



R {5) '(+,-)(* 



(4.29) 



/ 


d(5) 
-^01 





d(5) 
-^03 





\ 


p(5) 





d(5) 
K 12 





R {5) 

-rti4 







d(5) 





d(5) 
-^23 







p(5) 
-^30 





-"-32 





d(5) 
-^34 




V 


d(5) 
-K4I 





d(5) 
K 43 





/ 



(4.30) 



where the six independent elements are 
#(277)0 3 (277) 



4 5 o } (+,- 



4?(+, 



^12 ) (+) - 



3 (O) 
/7 3 (277) 0(277) 



3 (O) 
0(277) 



-e(u - 77)0(77 + 777) 

G(v - 77)0(7; + 777) 



(4.31) 
(4.32) 



2 (O)0(6t7) 



[# 3 (4t7)0(t; - 77)0(7; + 777) + Q 2 (2r])H(87])H(v + 7])H(v + 5r])] (4.33) 



#(477)0(477) [ e 2( 2rj j Q ( v + + _ H 2( 2r] )H(v + 77)^(7; + 577)] (4.34) 



3 (O) 
H(2 V ) 



2 (O)if(67?) 
#(277)0(677) 



;# 3 (477)0(t; - 77)0(7; + 777) + H 2 (2r])H(8ri)e(v + 77)0(7; + 577)] (4.35) 



H(v + rj)H(v + 577) + 



H (277) 3 (277) #(877) 



0(0) v " v " 2 (O)#(4t7)0(4t7) 
and the other six elements are obtained by the symmetry (4.8). 



H 2 {v + 377) 



(4.36) 
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V. A SIMILARITY TRANSFORMATION 



The fusion matrices derived in the preceding section by direct application of the fusion 
construction do not have a particularly revealing form. Furthermore they do not directly 
reveal the reduction (3.15) of T^ L+1 \v) at the root of unity point (1.1). However, because 
the form (4.1) for T^\v) is the trace of a product of matrices any similarity transformation 
of the R {j) (fi, v)(v) 

Rp\fx, u)(v) = MjWRMfa, v)(v)M-\r,) (5.1) 

with Mj(r]) independent of v is just as good for our purposes as the orig inal R {j) (fx, v)(v). 

The form of the functional equation (3.15) will follow if we can determine a similarity 
transformation matrix Mj(rj) such that when the root of unity condition (1.1) holds the 
matrix elements of w L+1 ^ (fx, v) have the property that 

fr L+1 \fx, v\ k = fr L+1 \fx, v ) L _ ltk = for 1 < k < L - 2 (5.2) 

The matrix R^ (fx, v) already has this property but the matrices R^ (fx, v) and R^ (fx, v) 
do not. However, because the functional equation (3.15) has been proven true in sec. 3 by 
an independent method it must be possible to find a similarity transformation which does in 
fact put R^ (fx, v) and R^ (fx, v) into the required form. It is straightforward to determine 
these matrices. In fact these matrices are not unique and have several arbitrary parameters 
we can freely chose. We have determined the families of these similarity transformations for 
L = 3 and 4. These similarity transformations may then be extended from the root of unity 
case to the case of arbitrary r\ essentially by replacing miK/L everywhere by rj. When this 
is done we find the following similarity transformations which are easily verified. 



A. Transformation of R^\fx, 
The transformation matrix is 

(I -/ 0\ 

M 4 ( V ) = 






1 














1 





\o 


-/ 








and 



M^(v) 



fl 


./ 


o\ 


1 











1 





Vo / 





1/ 



with 



/ = H 2 (2 V )/Q\2 V ) 



(5.3) 



(5.4) 



(5.5) 



Thus using the notation 
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©a = e(u + ar/) 
H a = H(v + ar]) 



(5.6) 
(5.7) 



we have 



i?( 4 )(+,+) = M,(r ] )R (4) (++)M^(v) 



V 







c^ea^i 



where 



^(4) 


_ ^(4) _ 
— u 33 — 


0(0)0(47/) 
6(277) 


^(4) 
< - / 22 


— °11 — 


2 (4t7) 
9(2?7) 


^(4) 


r (4) 

— o 13 — 


if 2 (277) 0(277) 

e 2 (o) 


^(4) 
°31 


_ ^(4) _ 


& 2 (0)H(2r])H(Qr]) 
3 (2t7) 



(5.8) 

(5.9) 
(5.10) 
(5.11) 
(5.12) 



and 



/ 



rW(+, -) = MMR {4 \+, -)M 4 - 1 (?7) = 





cffo-iO 







V 



10 ^-1^7 

C^0i0 3 




C12 H\H\ 





3 

C^H^Hs 




Cg } 0i03 



(5.13) 



with 



°10 


^(4) 
— °23 


2 (277)i7(2?7) 
2 (O) 


(5.14) 


^(4) 
21 


— °12 


if (477) 0(477) 
0(277) 


(5.15) 


^(4) 
u 32 


_ ^(4) 
— °01 


2 (O)if(6?7) 
2 (2t/) 


(5.16) 



B. Transformation of R^ 5 \fj,,v) 

The transformation matrix is 



13 



where 



and 



with 



Thus we find 



M 5 (r)) 



(I / 0\ 
1 OgO 
00 HO 
Og 1 
0/01 

V J 



f = 



9 = 



h = 



H 2 (Ar]) 
~Q 2 {4 V ) 

H 2 {2 V ) 

9 2 (2r/) 
Q 2 (0)H{2r]) 
H(4r])&(4r])e(2r]) 



Mb" 1 = 



(I a 0\ 
6 c 
OOdOO 
c b 
a 1 



V 



/ 



/_ g 3 (4r ? )6(2ry) 
/i 0(4??)e 2 (O)#(2?7) 
1 Q A {2 V ) 



1-g 2 3 (O)0(4?7) 
g H 2 (2 V )Q 2 (2 V ) 
1-g 2 Q 3 {0)Q{A V ) 
1 _ H(Ar])Q(Ar])Q(27]) 
h ~ H(2 V )Q 2 {0) 



(5.17) 



(5.18) 
(5.19) 
(5.20) 



(5.21) 



J R(5)( +)+ ) = M 5 ( V )R (5 \++)M 5 (r ] r 1 





■e 
o 



IcjJ^r 





C22^3^3 







'e. 
o 

, e J 
o 



C if® 5 Hi 



C 33® 5 Hi 



(5.22) 
(5.23) 
(5.24) 
(5.25) 





C^QrH^ 


(5.26) 



where 
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°oo — 



°44 



r»(5) 



r (5) 
°40 



( - / 02 



^(5) 



_ ^(5) 
— °24 



°04 



°42 



^(5) 
°33 



(5) 
13 



°31 _ 



< - / 22 



0(O)0 2 (4t7) 



e 3 (2^)e(6?7) 

0(O)0 2 (4t7) 

# 3 (2t/)0(277) 
6(0)0(4^)^(47/) 
# 3 (2rj)H(6r]) 

0(O)0 2 (4r/) 

if(8r7)/J(6r/)0(6r/)0 2 (2r/) 

4 (4r/) 
0(277)9(677) 

0(0) 
^(277)^(677) 

0(0) 

(0 2 (277)0 2 (677)+iJ 2 (277)/J 2 (677)) 



(5.27) 
(5.28) 
(5.29) 
(5.30) 
(5.31) 
(5.32) 
(5.33) 



and 



# 5 )(+,-) = M 5 (77) J R( 5 )(+-)M 5 (77)- 1 = 



/ 


















ci?e_!e 7 


















c^eies 





/nr(5) rx rr 
°23 n i n 5 













r<( 5 )ft2 

°32 u 3 







V 











C|?0 1 5 






(5.34) 



where 



r (5) 


— °34 


/J(277)0(477) 
0(277) 


(5.35) 


^(5) 


— ( - / 23 


iJ(277)0(277) 
0(0) 


(5.36) 


^(5) 
°32 


= C12 : 


^(677)^(477)0(677) 
H(2r])Q(2r]) 


(5.37) 


r (5) 
< - / 43 


— u 01 


H(8r])Q 2 (2r]) 
2 (4t7) 


(5.38) 
(5.39) 



C. The matrix R^\n,v) 
For comparison we write (/x, v) in the notation used above as 

(cffle H 2 c$e 2 if \ 



(v) (+,+) = 







^C^Oo-f^ C22Q2H0 J 



c{fe 1 H 1 







(3), 



(5.40) 
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where 



where 



Cg } = cg> = 6 2 (2r ? )/0(O) 
C[f = 9(4i7) 



(5.41) 
(5.42) 
(5.43) 



^ (3) M(+,-) 



/ 





Clo' ) @O02 







/Hf(3) rr rr 
^12 "0^2 



(5.44) 



^(3) 

Wo 



(3) 
01 



//(277)e(2?7)/e(o) 



r»(3) 

°12 

Cif = H(4r)) 



(5.45) 
(5.46) 



D. Comments 

In the matrix R^(n,u) of (5.44), the coefficients Cqi = vanish for 77 = K/2; in 
the matrix R^(/jl, v) of (5. 8), (5. 13), the coefficients Cf$ = C^f and C$ = vanish for 
7] = miK/3; and in the matrix R^(fi,u) of (5. 26), (5. 34), the coefficients = C43 and 
C02 = C42 vanish for 77 = miK/A. Therefore the decomposition property (5.2) holds and it 
is now a simple matter to see that the functional equation (3.15) holds. This, of course, was 
the criteria used to obtain the similarity transformation matrices in the first place. 

What is not automatically guaranteed by our construction is that the transformed matri- 
ces R^\fi, v) have matrix elements which depend only on one of the two linearly independent 
products of theta functions and that with the exception of all Cj^ are factored products 
of the theta functions H{arj) and 8(077). These two properties make Rp\/j,, v) much simpler 
for j — 4, 5 than the original matrices R^ j \[i, v). It is our belief that these R( j \fx, v) are the 
"simplest possible" similarity transformations of R^\n,v) and that this is the form which 
should be generalized to arbitrary j. 



VI. COMPARISON WITH SKLYANIN 

An alternative approach to the fusion matrices has been given by Sklyanin 13 , 14 who, 

instead of R^\fi, v) considers the four matrices independent of the spectral variable v 
with < k < 3 which are defined by 

(a(v + (j - 2)77)) + b(v + (j - 2) V ))S { j) = R^(+, +)(v) + RV\-, -)(v) (6.1) 

(a(v + (j - 2)77)) - b(v + (j - 2) V ))S { 3 j) = i#>(+, +)(v) - R^(-, -)(v) (6.2) 

(c(v + (j - 2)77)) + d(v + (j - 2)r t ))S? ) = i#>(+, -)(v) + +)(v) (6.3) 

(c(v + (j - 2)77)) - d(v + (j - 2)77))^= R®(+, -)(v) - R^(- +)(v) (6.4) 



16 



where a(v), b(v), c(v) and d(v) are defined by (2.2). 

Sklyanin shows that in order for R^(fj,, v)(v) to satisfy the Yang Baxter equation that 
the must be a representation of the algebra 

S a So — SoS a = Jp a {SpS 1 + SjSp) 

S a S/3 — SpS a — (SqSj + S^So) (6-5) 
where a, /3, 7 are any cyclic permutation of 1,2,3 and the structure constants J a ^ satisfy 

J 12 + J23 + J31 + J12J23J31 = (6.6) 

and are explicitly computed in terms of theta functions. Sklyanin demonstrated that the 
finite dimensional representations of this algebra may be constructed from the space of theta 
functions with zero characteristics of order j as defined in 22 . 

We have verified that the matrices constructed from our matrices (//, v) (v) do in 
fact satisfy Sklyanin's algebra although we are not aware of any direct proof that the fusion 
construction and the algebra (6.5) are equivalent. The relation of the functional equation 
(3.15) to Sklyanin's algebra also remains to be studied. 

VII. THE FUNCTIONAL EQUATION FOR Q AT L = 2 

We conclude by proving relation (3.10) for L=2. 

T<- 2 \v — K) — e- tN ™ /2K Q R (v)M- l Q L (v - iK')S. (7.1) 

We proceed in two steps by first explicitly computing the matrix M and then proving that 
(7.1) holds. 



A. Computation of M 

The conjecture for the functional equation for Q in (3.1) is not complete because we have 
not given an explicit form for the normalizing matrix A. Therefore because M is computed 
from A by (3.8) our first task is to find a form for M which is consistent with the conjecture. 
For L = 2 we do this by setting v = 3K/2 in (3.9) to find 



exp(- 



M = h"(K) Ql{?,K / 2 - iK')Q R {K/2) (7.2) 

The matrices Qr and Ql are defined by (2.3) and (2.7) where the matrices Sr and Sl 
contain the arbitrary parameters r a ^ m which are restricted only by the requirement that the 
resulting matrices be nonsingular. We find it convenient to make the choice 

r 7j0 = S-,-1, r 7) i = S 1 -i, t 7; _i = (5 7j i, r 7j2 = 5 7 ,i (7.3) 

and thus we have explicitly from (2.4) and (2.8) with L = 2 
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Sr{+,P)(v) 



H{v + K)5/3-i H(v)S Ptl 
-H{v)5 p ,^ -H(v + K)S PA 



, S R {-,/3)(v) 



e^)^,.! e(v + K)s Ptl 

(7.4) 



H(v — K)8 a -i H(v)5 aA \ 
S L (a, +)(v) = | -H{v)8 a ^ -H(v - K)6 a>1 



, S' L (a,-)(u) = 



e(« - x)Vi e(«)(j Qil 
e(u)<f a ,_i e(« - x)<W 

(7.5) 



Thus we find 



M a/3 = 



exp( * 3?riV ) 

: -Trm(o;i,/3i)m(Q;2,/9 2 ) • • ■m(a N ,f3 N ) 



h N (K) 



(7.6) 



where 



m(a, (3)= S L (a, +)(3K/2 - iK')S R (+, (5){K/2) + S L (a, -)(3K/2 - iK')S R (-, (3)(K/2) 



-2iq- 1/A expC-^)H{K/2)Q{K/2)m{a, (3) 



with 



m(a, (5) = 



( 5 a -i8p-i 8 a -i5/3,i i8 a ,i8p-i i5 a ,i<W \ 






Only the first and the last column of m contribute to trace in (7.6) and thus 



M, 



a,/3 



H(K/2)e(K/2)\ 



N 



where 



q^hiK) J 



I i<5 a -x8p _i (5«,i^/3,i 



Tb:(p(Q!i,/3i) • • -p(a N ,(3 N )) 



(7.7) 



(7.8) 



(7.9) 



(7.10) 



and 



= ( -2 



H(K/2)Q(K/2)\ 



-N 



q l / A h{K) ) 



Tr(p(a 1 ,(3 1 )---p(a N ,(3 N )) 



(7.11) 
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B. Computation of e ~ iN7TV / 2K ' Qr{v)M- 1 Q l {v - iK')S 
We now use (2. 19), (7. 5), (7.5) and (7.11) in the right hand side of (7.1) to find 

e iN ™' 2K Q R {v)M^Q L {v - iK')S\ a , p = (~ 2H{k )^q {k/2) ) TrX(a 1? ft) • • • X(a N) (3 N ) 

(7.12) 

where 

X a , p = e-*™/ 2 V /4 E S r(^ 7) (v)p(l, X)S L (X, (3) (v + 2K- iK>) (7. 13) 

which, using the notation, 

H K = H(v + K), & K = B(v + K), H = H(v), 6 = G(v) (7.14) 
is explicitly written as 



-) = E 

7 ,A V ^ 



65 7 _i 0^(5^1 



*(+,-) = e( 

7,A V 



—HS-f-i —H K S ltl 



&y -l^A -1 «&y,l£\,l ] (g, ( ©AT^A-l «@5a,1 

^ 7 ,-i 5 7 ,i<5a,i / I -i65 7 _i -6x^7,1 



(7.15) 



<5 7 _i5 A ,-l ^7,1^A,1 

i5 7 _i5 A -i 5 7 ,i5 A ,i 



H K 8\-i -iH5 x ,i 



(7.16) 



5j -i5 x ,_i ^7,i5a,i 1(g)/ H K S\-i -iH5\,i 



(7.17) 



+) = E 

7,A V 



We note that 



6(5 7 _i e^<5 7i i 



£7 ,-l^A-l ^7,1^A1 \ „ / @X^A -1 ^@^A,1 
^7,-l^A -1 5 7 ,i5a,1 / 1 -^@^7,-l -9^^7,1 



(7.18) 



*(+,+) = 



/ // x ©k -#0\ 

oooooo -i^e^ 
iH K e K oooooo me 
H K e oooooo -HQ K 

-HQ K H K G 
iHQ iH K G K 
-iHQ K -iH K B 
\ -HO H K B K J 



(7.19) 
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The rank of X(+, +) is two and thus when used in the trace in (7.12) it may be replaced by 
Similarly X(+, — ), X(—, +), and X(—, — ) may be replaced by 



e 2 K -e 2 

© 2 ~®K 



Z(-+)=\ £ ~ 2 (7-22) 



and therefore we have 



e ™™/*KQ R ( v )M- 1 Q L (v - iK')S\ a , p = (~ 2g( ^2)8(^/2) ) ^^'^ ' " ' Z ( a *> ^ 

(7.24) 



C. Proof of (7.1) 

We recall from (4.1) and (4.2) that 

T^\ a ^(v — K) = TrRWfa/hXv - K) ■ ■ ■ R?\a N , f3 N )(v - K) (7.25) 



with 



+ )C - JO = ( ° ( " o ° AO ) • fl,2>(+ - -«" " = ( * - * ) * o K) ) ■ 

*»<-, + )(, - *) = ( d(v » x) * " ) , «<,,_, _ )(e _ A -, = ( Kv - K) ^ a > j ( , 26) 

We thus complete the proof of (7.1) by noting that there is a similarity transformation 
by a matrix G which maps the matrices Z(a,/3) on the matrices R( 2 \a,/3). Specifically 

GZ(++)G~ 1 - H{K) ( a{v ~ K) ° ^ (7 27) 

GZ(+ ' +)G -~H(K/2)Q(K/2) { b(v-K)) (7 ' 27) 

C7(+ )G-i- H{K) ( d(v-K)\ 

-~H(K/2)Q(K/2) [c(v-k) J (7 ' 28) 
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where 



GZ( "' +)G -~H(K/2)e(K/2) \d(v-k) ) (7 ' 29) 
GZ( "'" )G " ~H(K/2)Q(K/2) { a(v-K)) {7M > 



G — ( fln ] — ( ° 22 ~ j (7 31) 

V ~ a 22 ^22 / \ a 22 a ll j 



with 



1 ( H(K/2) \ 1/2 1 ( e(K/2) \ 1/2 

tt " = 71 lews) j 022 = 71 Nf/2jj (732) 

The verification of this similarity transformation is straightforward by use of identities such 

as 

H(v)Q(v) + H(v + K)Q(v + K)= H ^J 2 ]l{x) 2) H ( v + K / 2 ) Q ( V ~ K l 2 ) 

H(K) , , 

-b(v-K), (7.33) 



H(K/2)B(K/2) 



H(v + K)Q(v + K)- H(v)Q(v)= ~ H ^f 2 ]l[^ /2) H ^ ~ K / 2 )^ + K / 2 ) 

H ^ K > a(v - K) (7.34) 



H(K/2)e(K/2) 
and 

H\v + K) + H\v) = ^£^®{v + K/2)Q(v - K/2) = ^^<v - K). (7.35) 

Thus using (7.27)-(7.30) and (7.25) in (7.24) and recalling the definition (2.13) of h(v) 
we find 

e^Q R (v)M-iQ L (v - iK')SU = ( *g^j '» - V (7-36) 



Thus if we finally use the identity 

Q(0)H 2 {K)Q{K) 



(7.37) 



2H 2 (K/2)0 2 (K/2) 

which follows from (4.5) with a = K, v = K/2 and u = —K/2 we see that (7.1) is proven. 
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APPENDIX A: THETA FUNCTIONS 



The definition of Jacobi Theta functions of nome q is 

oo 

H(v) = 2 ]T (-ly^q^-W S in[(2n - l)nv/{2K)} (Al) 

n=l 

oo 

G(y) = 1 + 2 ]T (-l) n q n2 cos(nvir/K) 

n=l 

= -i q l l A e mv, ^ K) H(v + iK') (A2) 
where K and K' are the standard elliptic integrals of the first kind and 

q = e~* K '/ K . (A3) 

These theta functions satisfy 

e(v) = e(-u), H(v) = -H{-v) (A4) 

and the quasi periodicity relations (15.2.3) of ref. 23 

H(v + 2K) = -H(v) (A5) 

H(v + 2iK') = -q- l e-™l K H{y) (A6) 

and 

e(v + 2K) = G(v) (A7) 

G(v + UK') = -q^e-^^Oiv). (A8) 

From (A2) we see that 0(f) and H(v) are not independent but satisfy (15.2.4) of ref. 23 

G(v ± iK') = ±iq- 1,i e^H{v) 

H(v ± iK') = ±tq~ 1/i e^Q(v). (A9) 
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